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ABSTRACT 
In the framework of applications of power ultrasound in liquid, this paper deals with the analysis 
of nonlinear ultrasonic waves through a bubbly liquid. An open-field domain is assumed to 
contain a water and air-bubbles mixture. The presence of bubbles induces a strong nonlinear 
behaviour of the wave. A set of coupled differential equations is considered to model this 
phenomenon, and solved numerically. The effect of the bubble distribution on the nonlinearity of 
the acoustic field is analysed. 
 
 
INTRODUCTION 
The effect of the presence of bubbles on the propagation of ultrasonic waves in liquid is of 
definitive importance in many applications: therapeutic and diagnostic medical applications of 
ultrasound, underwater acoustics, or industrial applications in multiphase medium [1,2,3]. This 
paper deals with the theoretical description of the nonlinear acoustic behaviour of a bubbly 
liquid. 
 
A numerical model is constructed to study strongly nonlinear acoustic wave propagation in a 
non homogeneous distributed bubbly liquid (SNOW-BL code). The model solving the bubble 
vibration and acoustic field coupled system is presented in the next section. Some results are 
given in the following section. The conclusions of this work are given in the last part of the 
paper. 
 
 
EQUATIONS AND NUMERICAL MODEL 
Plane ultrasonic waves in water with spherical air bubbles of the same size are considered. The 
following set of two coupled differential equations is employed [4]: the wave and Rayleigh-
Plesset equations. During the time of analysis and in the one-dimensional domain of the study, 
these equations combine the acoustic pressure p  with the bubble volume variation v  in a 
single system, where  (space) and  (time) are the independent variables: x t
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In these equations  and 0c 0ρ  are the sound speed and density of water, ( )N x  is the 
concentration of bubbles, δ  is the viscous damping parameter, 0Ω  the resonance frequency of 
bubbles, 0 04 Rη π ρ= , ( ) 201 2a vγ= + Ω 0 , and 01b v= , where  is the equilibrium bubble 
volume, 
0v
γ  is the specific heats ratio of air, and  is the equilibrium bubble radius. At  a 
time-dependent pressure source of amplitude  induces the progressive acoustic field in the 
semi-infinite domain, and the boundary condition at the end of the domain  imposes the 
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 progressive character of the wave: 
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The initial conditions indicate that the dependent variables are at rest at the outset:  
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A second-order and implicit finite-difference scheme solves the mathematical model, Equations 
(1-4), in the time domain. This leads to a set of difference equations at each point of the discrete 
domain. This model requires the application of a linear solver to the system of equations at each 
discrete time step. 
 
 
NUMERICAL EXPERIMENTS 
To illustrate the possibilities of the numerical model described above for simulating the 
behaviour of ultrasonic waves in bubbly liquid, a configuration is defined and used with two 
different kinds of bubble distributions. This configuration considers a harmonic excitation 
producing the propagation of a plane ultrasonic wave in air-bubbly water. The physical 
parameters used here are: =0 20000p Pa , = 24500f Hz , 0 1500c m s= , 30 1000 kg mρ = , 
δ = 0.0602 , 1.4γ = , , and 60 4.5 10R m−= × ω −= × 60 4.7 10 s 1 . The first distribution is 
homogeneous, case H: −= × 11 32.1 10N m , while the second (case NH) one assumes a special 
spatial bubble distribution N(x), which is represented in Figure 3. The nonlinear features of the 
propagation are especially investigated by comparing the distribution effects in both cases. N(x) 
is imposed such that the global number of bubbles used in the case NH is the same as the one 
used in the case H. Results about the homogeneous distribution can be found in Reference [5]. 
By comparing the homogeneous and nonhomogeneous time-space Figures 1 and 3, the first 
observation is referred to linear characteristics: the important decrease of the propagation 
speed in the whole space domain for case H and in the bubble layer for case NH. The second 
one concerns only the case NH: reflections appear between the first layer front and the piston 
as well as inside the layer, but it seems that no true standing wave is created. By comparing 
Figures 2 and 4, it can be seen that the nonlinear behaviour of the wave is much more marked 
in the case H: the spatial accumulation effect of the harmonic distortion as well as the 
generation and amplitude of the frequency due to the resonance frequency of the bubbles has 
to be noted. 
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Figure 1.- Pressure (Pa) and bubble volume oscillation (m3) results for homogeneous bubble 
distribution, case H 
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Figure 2.- Pressure waveforms at several distances from the source for homogeneous bubble 
distribution, case H 
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Figure 3.- Pressure (Pa) and bubble volume oscillation (m3) results for nonhomogeneous bubble 
distribution, case NH 
 
0 1 2 3 4 5 6
x 10-4
-5
0
5
x 104
P
re
ss
ur
e 
(P
a)
0 1 2 3 4 5 6
x 10-4
-2
0
2
x 104
P
re
ss
ur
e 
(P
a)
0 1 2 3 4 5 6
x 10-4
-2
0
2
4
x 104
Time (s)
P
re
ss
ur
e 
(P
a)
x=0.06 m
x=0.18 m
x=0.27 m
 
Figure 4.- Pressure waveforms at several distances from the source for nonhomogeneous 
bubble distribution, case NH 
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CONCLUSIONS 
In the framework of high-power ultrasonic applications, a new numerical model to study the 
nonlinear propagation in bubbly liquids with nonhomogeneous air bubble distribution has been 
developed. Harmonic waves are considered. Results are compared to homogeneously 
distributed bubbles in water. The effect of the bubble distribution on the nonlinear vibration of 
the bubble as well as the nonlinear character of the pressure field is analysed. 
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